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Abstract
We use anisotropic fluid cosmology to describe the present, dark energy-dominated, universe. Simil-
arly to what has been proposed for galactic dynamics [1], the anisotropic fluid gives an effective description
of baryonic matter, dark energy and their possible interaction, without assuming the presence of dark
matter. The resulting anisotropic fluid spacetime naturally generates inhomogeneities at small scales,
triggered by an anisotropic stress, and could therefore be responsible for structure formation at these
scales. Solving the cosmological equations, we show that the dynamics of the scale factor a is described
by usual FLRW cosmology and decouples completely from that describing inhomogeneities. We assume
that the cosmological anisotropic fluid inherits the equation of state from that used in Ref. [1] to describe
galaxy rotation curves. We show that, in the large scale regime, the fluid can be described as a gener-
alized Chaplygin gas and fits well the distance modulus experimental data of type Ia supernovae, thus
correctly modelling the observed accelerated expansion of the universe. Conversely, in the small scale
regime, we use cosmological perturbation theory to derive the power spectrum P (k) for mass density
distribution. At short wavelengths, we find a 1/k4 behaviour, in good accordance with the observed
correlation function for matter distribution at small scales.
1 Introduction
Our present understanding of cosmology, large scale structure of our universe and galactic dynamics is
based on the ΛCDM model [2]. This model explains, in good agreement with observational data, the present
accelerated expansion of the universe [3, 4], cosmic microwave background observations, structure formation,
galaxy rotation curves and gravitational lensing effects [5, 6, 7]. However, the ΛCDM model is not completely
satisfactory from a conceptual point of view. It postulates that about 95 percent of the matter contained
in our universe is of exotic nature. At galactic level, it fails to explain the Tully-Fisher (TF) relation
v2 ∼ √a0GmB , which relates the asymptotic velocity v of stars in galaxies to the galactic baryonic mass
content mB and to a0, an acceleration parameter of the same order of magnitude of the current value of the
Hubble constant H0 1. Moreover, there is also some tension between the ΛCDM model and observations at
the level of galaxies, galaxy clusters [8, 9] and the determination of the Hubble parameter [2, 10, 11, 12].
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1Throughout this paper, we will mainly use natural units c = ~ = 1
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Motivated mainly by the conceptual difficulties at the level of galactic dynamics, recently several altern-
ative proposals have been put forward to explain the galactic phenomenology commonly attributed to dark
matter [1, 13, 14, 15, 16]. Typically, these alternative approaches use infrared modifications of general re-
lativity (GR). Efforts along this direction have been undertaken in the emergent gravity scenario [13], where
the additional force at galactic level is generated by the interaction between baryonic matter and dark en-
ergy (DE), in the corpuscular gravity scenario [1, 14, 15] and in approaches which assume an environmental
modification of the inertial/gravitational mass ratio [16, 17]. A common feature of these attempts is the
fact that, in the weak field regime, they all reproduce Milgrom’s MOdified Newtonian Dynamics (MOND)
[18, 19], which gives a simple explanation of the Tully-Fisher relation and promotes a0 to a fundamental
constant [20].
So far, the previously mentioned attempts have been mainly confined to galactic dynamics. However,
there are several reasons that strongly motivate their extension to cosmology. Firstly, dark matter plays a
crucial role not only in galactic dynamics, but also in structure formation [21]. Any alternative to dark matter
should therefore not only explain anomalous galactic rotation curves, but also structure formation. Secondly,
the threshold acceleration parameter a0, appearing in the TF relation, has the same order of magnitude of the
Hubble constant H0, indicating the existence of a deep connection between galactic dynamics and cosmology.
Last but not least, in the emergent gravity scenario, the additional force beyond the Newtonian one is a
"dark force" originated from the response of dark energy to the presence of baryonic matter, linking again
the physics at galactic scales to cosmology.
It is therefore tempting to look for a unified description encompassing different regimes of gravity: Newto-
nian, galactic, cosmological. The origin of the dark force as baryonic matter-DE interaction clearly indicates
that the first step along this direction should be the extension of the dark force idea to the cosmology of
a dark energy-dominated universe. This paper is devoted to the attempt of building such a cosmological
model, motivated by the emergent gravity description of galactic dynamics, without assuming the presence
of dark matter. It is known that, at galactic level, dark force effects allow for an effective description in terms
of GR sourced by an anisotropic fluid [1]. We will therefore use anisotropic fluid cosmology as an effective
description of the cosmological effects of DE-baryonic matter interaction in a dark energy-dominated uni-
verse. The use of an anisotropic fluid as model for baryonic matter and DE is quite natural in this context
because it is known that an anisotropic fluid is equivalent to a two-fluid system [22, 23].
The structure of this paper is as follows. In Sect. 2 we argue that an anisotropic fluid spacetime
naturally encodes the presence of inhomogeneities at small scales and can therefore be used to describe
cosmic structures at these scales. In Sect. 3 we set up our cosmological model sourced by an anisotropic
fluid and solve the cosmological equations. We show that the dynamics of the scale factor a is described
by usual Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmology and decouples completely from that
describing inhomogeneities. We also discuss observational constraints on the presence of inhomogeneities.
The equation of state (EoS) for our anisotropic fluid is described in Sect. 4. We assume that this EoS is
inherited from that used in Ref. [1] to describe the effects of the dark force in galactic dynamics.
In Sect. 5 we investigate the large scale regime of our cosmological model. We show that the predictions
of our model fits very well the distance modulus data of type Ia supernovae, thus correctly describing the
observed accelerated expansion of the universe. Moreover, we show that, in this regime, the fluid allows
for a description in terms of a generalized Chapligyn gas. In Sect. 6 we rewrite the stress-energy tensor
for the anisotropic fluid in a form suitable for treating anisotropic stress as a perturbation. Cosmological
perturbations in our model are described in Sect. 7 as perturbations of the de Sitter (dS) background. We
first consider isotropic perturbations, which describe the behaviour of the power spectrum P (k) for mass
density distribution at large wavelengths. Thereafter, we consider perturbations due to the anisotropic fluid,
which are described by an anisotropic stress tensor. This allows us to derive the form of P (k) at small
wavelengths. We find P (k) ∼ 1/k4, with good accordance with the observed correlation function for matter
distribution at small scales. Finally, in Sect. 8 we present our conclusions.
2
2 Inhomogeneous cosmology in the dark energy-dominated era
At sufficiently large scales our universe appears to be homogeneous and isotropic. This is an observational
fact, which has been codified in the cosmological principle, the basis of modern cosmology. On the other
hand, the existence of structures implies that at smaller scales the universe is inhomogeneous and anisotropic.
For what concerns inhomogeneity, on which this paper is mainly focused, the transition scale is about
R = 100 − 300 Mpc/h [24, 25, 26, 27, 28, 29], where h parametrizes the Hubble constant, i.e. H0 =
100h km s−1 Mpc. Thus, if one focuses only on the present, dark-energy dominated era, the simplest
description of our universe should be that of an inhomogeneous cosmological model, in which inhomogeneities
disappear when averaged at scales larger than R.
In order to make things as simple as possible, we assume that isotropy is preserved at the level of the
metric and matter density. We will only allow for anisotropies in the fluid pressure, in the form of different
values for its radial and perpendicular components. As we will see later, in the case of an anisotropic fluid, an
anisotropic stress can be used to generate inhomogeneities. We can parametrize inhomogeneities by means
of a function of the radial coordinate r, E(r), which goes to zero fast enough for r > R. In the limit r →∞,
usual FLRW cosmology is recovered.
Although it is natural and simple, this pattern is not the way the standard model of cosmology - the
ΛCDM model - uses to describe inhomogeneities and structure formation. In the ΛCDM framework, they are
explained in terms of the gravitational growth due to dark matter of primeval scale-invariant and gaussian
perturbations generated during inflation [21, 30].
The early universe is homogeneous and isotropic, the departures from homogeneity at high redshift
are well described by perturbation theory, which results in a scale-invariant power spectrum for the mass
distribution at long wavelengths
P (k) = 〈|δ(k, t)|2〉 ∼ k, (1)
where δ(k, t) is the Fourier transform of mass density contrast at wave-vector k. At smaller redshifts, z . 104,
radiation pressure and the dynamics of non relativistic matter produce a bend in the power spectrum, which
is described by a transfer function T (k) [31, 32]:
P (k) ∝ k T 2(k). (2)
T (k) depends on the details of cosmological model we are using and on damping and dissipation effects.
More precisely, it is determined by the dark matter model, its interaction with the other cosmological fluids
(pressureless matter, collisional photons, collisionless neutrinos, etc.) and their relative densities. T (k)
must be therefore determined by numerically solving the Boltzmann equation in an expanding background
[33, 34, 35]. At the epoch in which matter and radiation densities are equal, assuming also a cold dark
matter model, the transfer function appears to be well described by the fit [32, 33]
T (k) =
ln(1 + 0.171x)
0.171x
[
1 + 0.284x+ (1.18x)2 + (0.399x)3 + (0.490x)4
]−1/4
, (3)
where x ≡ k/keq, with keq characterizing the wavenumber of Fourier modes at the equivalence epoch. The
fit 3 is engineered to reproduce the inflationary scale-invariance power spectrum at large scales, since, on
super-horizon scales matter perturbations are frozen and there is no damping process to alter the primordial
power spectrum. In this regime, in fact, which corresponds to the limit x 1, the transfer function behaves
approximately as T (k) ∼ 1, yielding the inflationary power spectrum (1). On small scales, i.e. x  1, the
transfer function has a k-dependence, T (k) ∼ ln k/k2, and thus the power spectrum (2) approximately goes
as [31]:
P (k) ∼ k−3. (4)
Another method to describe the statistical distribution of cosmic structures is given by the two-point cor-
relation function, ξ(r), which quantifies the probability of finding two structures, separated by a distance
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r, in excess with respect to a random background distribution. A well-known result is that the two-point
correlation function is related to the power spectrum, being its Fourier transform:
P (k) =
1
k3
∫ ∞
0
ξ(r)
sin(kr)
kr
4pir2 dr. (5)
Observations show that, at physical scales ranging from 100 kpc/h to 10 Mpc/h, ξ(r) is well-described by a
simple power-law [36, 37, 38, 39, 40]
ξ(r) =
(
r
r0
)−γ
, (6)
where r0 ∼ 5 Mpc/h is the so-called “correlation length”, at which the probability of finding two galaxies,
at a given distance r from each other, is greater than the background one by a factor of 2, while γ is
experimentally determined. Observations suggest that γ ∈ [1.8, 2] [36, 37, 38, 39, 40]. Plugging Eq. (6) into
Eq. (5) and using γ = 2 yields:
P (k) ∼ k−4. (7)
At scales larger than 10 Mpc/h, the correlation function decreases more rapidly than the power-law (6)
[36, 40, 41]. This behaviour is thought to be due to the fact that, at larger separation distances (smaller
k), the galaxy distribution becomes anticorrelated, i.e. ξ < 0, yielding a power spectrum which increases
with increasing wave-number [40]. In the context of the ΛCDM model, these departures from the power-law
behaviour encode information about the relation between galaxies and dark matter halos [41].
It is quite evident that an inhomogeneous cosmological model, characterized by the function E(r), does
not represent a full alternative to the ΛCDM model. It cannot be proposed as a model describing the full
history of our universe, in particular the early universe. This is because mass distribution is intrinsically
gravitationally unstable in FLRW cosmology. The only viable way to explain the scale-invariant large scale
behaviour of the power spectrum (1) is to assume that it has been generated by very small perturbations in
the early universe described by inflationary cosmology.
On the other hand, an inhomogeneous cosmological model, parametrized by the function E(r), can be
used as an effective description of the present, dark energy-dominated era of our universe, i.e. for redshift
z . 1 [2]. In particular, we expect this inhomogeneous model to determine the short wavelength behaviour
(7), since the latter is valid on scales which are smaller than the homogeneity transition scale mentioned at
the beginning of this section.
At galactic scales, gravity sourced by an anisotropic fluid can give an effective description of the additional
force commonly attributed to dark matter [1]. Since, in the ΛCDM model, dark matter plays a crucial role
for structure formation, the most natural candidate for the source in our inhomogeneous cosmology model
is that of an anisotropic fluid.
3 Anisotropic fluid spacetime
As explained in the introduction, an anisotropic fluid can be used as a description of a two-fluid model of
baryonic matter, dark energy and their interaction. Moreover, as elucidated in the previous section, it is
a promising candidate for describing the transition from an inhomogeneous universe at short scales to a
homogeneous one at large scales, during the dark energy-dominated epoch.
Let us therefore set up a cosmological model in which the various forms of matter, sourcing cosmological
evolution and structure formation, are described by an anisotropic fluid with energy-momentum tensor given
by [42, 43]
Tµν = (ρ+ p⊥)uµuν + p⊥ gµν −
(
p⊥ − p‖
)
wµwν , (8)
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where the fluid velocity uµ and the spacelike vector wν satisfy uνuν = −1, wνwν = 1 and uµwµ = 0. The
energy density is given by ρ and p⊥, p‖ are, respectively, the pressures perpendicular and parallel to the
spacelike vector wν .
If we take p⊥ = p‖ and assume a spatially homogeneous and isotropic universe, we get the usual FLRW
cosmological model with p, ρ and the scale factor of the metric depending on the cosmological time T only.
In this situation, cosmological evolution is sourced by a perfect fluid with equation of state p = p(ρ), whereas
the velocity field uν is free from rotation, shear and acceleration.
The simplest way to achieve p⊥ 6= p‖, i.e. to have a non trivial anisotropic fluid, is to allow for a
dependence of p⊥, p‖ and ρ from the radial coordinate r. The spacetime is not anymore homogenous, but
remains isotropic, the only manifestation of anisotropy being p⊥ 6= p‖, which therefore becomes the source
of the inhomogeneities. This is consistent with the cosmological principle only if at large scales, i.e r →∞,
p⊥ − p‖ → 0, reinstating homogeneity and isotropy of the solution.
3.1 Cosmological model
A convenient parametrization of the spacetime metric is
ds2 = a2(t)
[
−f(r)eγ(r)dt2 + dr
2
f(r)
+ r2dΩ2
]
; dΩ2 = dθ2 + sin2 θ dφ2, (9)
where t is the conformal time, a the scale factor and f, γ are metric functions. Choosing an appropriate
frame, the fluid velocity vectors are given by uν = (a−1f−1/2e−γ/2, 0, 0, 0), wν = (0, a−1f1/2, 0, 0, ). Einstein
equations Rµν − 12gµνR = Gµν = 8piGTµν give three independent equations
3
(
a˙
a
)2
− e
γf
r2
(−1 + f + rf ′) = 8piGa2 ρfeγ ; (10)
a˙
af
(f ′ + fγ′) = 0; (11)
e−γ
r2a2f2
[
r2a˙2 + eγa2f (−1 + f + rf ′ + rfγ′)− 2r2aa¨] = 8piG p‖ a2
f
, (12)
where the dot and the prime denote derivatives with respect to t and r, respectively.
Covariant conservation of the the stress-energy tensor gives two more equations:
ρ˙+
a˙
a
(
3ρ+ p‖ + 2p⊥
)
= 0, (13)
p′‖ +
2
r
(
p‖ − p⊥
)
+
1
2
(
ρ+ p‖
)(
γ′ +
f ′
f
)
= 0. (14)
The form of the spacetime metric (9), together with Eq. (8), describes, as particular cases, the various
regimes of gravity sourced by an (an)isotropic fluid: Newtonian, galactic, cosmological. When a˙ = 0 (we set
a = 1), our model reproduces a static, spherically symmetric, anisotropic fluid space-time, which has been
used for several application [42, 43, 44, 45, 46, 47, 48]. In particular, it has been used to explain galactic
dynamics without assuming the presence of dark matter [1]. In this latter case, the radial pressure p‖ gives
an additional component to the acceleration (dark force) at galactic scales. This is what we call the MOND
regime of gravity, because it reproduces the MOND theory in the weak-field approximation. If, in addition
to a˙ = 0, we also impose p‖ = p⊥, we obtain GR sourced by static, spherically symmetric perfect fluid (the
Newtonian regime of gravity).
On the other hand, if a˙ 6= 0, our model describes a non-homogeneous cosmological model, which interpolates
between the MOND regime at galactic scales and the usual FLRW cosmology at r →∞.
5
3.2 Decoupling of cosmological degrees of freedom from inhomogeneities
When a˙ 6= 0, Eq. (11) and Eq. (14) can be solved, respectively, for γ and p⊥:
e−γ = f, p⊥ = p‖ +
r
2
p′‖. (15)
The remaining equations give then:
3
(
a˙
a
)2
+
1− f − rf ′
r2
= 8piGa2ρ; (16)
(
a˙
a
)2
− 2 a¨
a
+
f − 1
r2
= 8piGa2p‖; (17)
ρ˙+
a˙
a
(
3ρ+ 3p‖ + rp′‖
)
= 0. (18)
We have three equations for the four variables f(r), a(t), p‖(r, t), ρ(r, t). As usual in cosmology, the
system has to be closed imposing an equation of state for the fluid, p‖ = p‖(ρ).
Using Eqs. (16), (17), Eq. (18) can be recast in the form
∂t
(
a2ρ
)
=
3
8piG
d
dt
(
a˙2
a2
)
, (19)
which can be easily integrated to give
a2ρ(r, t) = a2(t)ρˆ(t) + E(r), a2ρˆ(t) = 3
8piG
H2, (20)
where H ≡ a˙/a is the conformal Hubble parameter and E(r) is an integration function, which depends on
the radial coordinate r only. Physically, E(r) represents the inhomogeneities in the baryonic matter density
distribution. With this result, we can now separate the r-dependent and the t-dependent parts in Eq. (16).
The former determines the metric function f
f = 1− 2GmB(r)
r
− 2GM
r
, (21)
where mB(r) is the Misner-Sharp mass associated with the inhomogeneities in the baryonic matter
mB(r) = 4pi
∫
dr r2E(r), (22)
and M is an integration constant with the dimensions of a mass. Using Eq. (21) into (17), we get:
a2p‖(r, t) = a2(t)pˆ(t) + P(r), a2pˆ(t) = 1
8piG
[(
a˙
a
)2
− 2 a¨
a
]
, P(r) = −mB(r) +M
4pir3
. (23)
Eqs. (20) and (23) clearly show that the contributions of inhomogeneities (r-dependent terms) to matter
density and pressure can be separated from the homogeneous (t-dependent) cosmological contributions. This,
in turn, allows us to separate the dynamics of cosmological evolution, which determines a, ρˆ, pˆ, from the effect
of inhomogeneities. In fact Eqs. (16), (17) and Eq. (18) are completely equivalent to the FLRW equations
for a, ρˆ, pˆ,
a2ρˆ =
3
8piG
(
a˙
a
)2
, a2pˆ =
1
8piG
[(
a˙
a
)2
− 2 a¨
a
]
, ˙ˆρ+
a˙
a
(3ρˆ+ 3pˆ) = 0, (24)
6
together with
P(r) = −mB(r) +M
4pir3
, (25)
which determines the pressure P(r) from mB(r) given by Eq. (22). The perpendicular component of the
pressure p⊥ is then determined from p‖ using Eq. (15).
This is a quite interesting result: cosmological degrees of freedom decouple from inhomegenities. This
implies that the scale factor a is completely determined by the homogeneous and isotropic component of
density and pressure ρˆ, pˆ through the usual FLRW equations (24), whereas the only effect of inhomogeneities
is to produce a non-vanishing, r-dependent, pressure (25).
Taking into account also Eq. (21), the physical interpretation of Eq. (25) is quite simple. The term
proportional to M gives a Schwarzschild-like contribution, i.e. an inhomogeneity generated by a point-like
source located at r = 0. Its presence is not compatible with observations, we have therefore to set the
integration constant M = 0.
The term proportional to mB(r) gives instead the contribution of spherically symmetric inhomogeneities
distributed with density E(r). Since we want to recover usual FLRW cosmology at large distance (r →∞)
we have to assume mB(r) ∼ − 12GKr3 + c1r with K = 0,±1. As we shall see in detail in the next section,
the first term gives the spatial curvature of the spacetime, whereas the second one gives a contribution to
f and p‖(r, t) that vanishes in the r → ∞ limit. The physical effect of the P(r) term in Eq. (25) can be
explained as a Newtonian contribution to the pressure, PN = 14pi
mB
r3 , which produces the radial acceleration
ar = 4piGrPN [1].
3.3 FLRW cosmology
Usual FLRW cosmology can be obtained as a limiting case of our anisotropic fluid cosmology in two different,
albeit related, ways. In the first way, standard cosmology is obtained in the large scale limit r →∞. In fact,
in this limit, both P(r) and E(r) go to zero, p‖ = p⊥ = pˆ, ρ = ρˆ and Eqs. (24) become the FLRW equations
written in terms of p‖ and ρ. The same equations can be obtained by setting the integration function E(r)
identically to zero, so that we identically get p‖ = p⊥ = pˆ and ρ = ρˆ.
It is quite interesting to notice that the derivation of the FLRW equations as limiting case of anisotropic
fluid cosmology allows us to generate the constant spatial curvature term in that equations from a constant
contribution to the density function E(r). In fact, setting E(r) = − 38piGK, we get mB = −K2 r3, f = 1 +Kr2
and Eqs. (24) become
3
(
a˙
a
)2
− 3K = 8piGa2ρ
(
a˙
a
)2
− 2 a¨
a
+K = 8piGa2p, ρ˙+ a˙
a
(3ρ+ 3p) = 0, (26)
where, for notation simplicity, we set p‖ = p.
Although our model works also for a 3D space with constant positive, negative or zero curvature, in the
following we will consider, consistently with observations, only FLRW cosmologies with K = 0.
In this paper, we use the simplest description of dark energy , i.e. that of a cosmological constant Λ,
which corresponds to constant energy density ρ = Λ/8piG and equation of state p = −ρ. As it is well-known,
in this case, Eqs. (26) (with K = 0) give as solution the dS spacetime:
a =
√
Λ
3
1
t
. (27)
If we write the solution using the cosmological time T instead of the conformal time t, we get a = e
√
Λ
3 T .
3.4 Observational constraints
The isotropy and homogeneity of the universe at large scales, encoded in the cosmological principle, are
to be considered valid from a statistical point of view, since the universe appears inhomogeneous on small
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scales, due to the presence of cosmic structures. This necessarily introduces a smoothing scale above which
the universe appears statistically homogenoeus and isotropic. This transition scale represents essentially the
threshold, below which an inhomogeneous and/or anisotropic description of the universe can be considered
observationally viable, and above which the cosmological principle must be restored. In the following, we
briefly discuss some recent results concerning both the transition scale for isotropy and homogeneity.
Scale of Isotropy
The study reported in [27] uses a sample of 930000 luminous red galaxies from the Sloan Digital Sky Survey
(SDSS), over a field of view of 9380 deg2 and redshift 0.22 < z < 5. Focusing on angular distribution
of the galaxies, it is shown that the scale Riso, above which the angular distribution of galaxies appears
to become statistically isotropic for all observers (automatically implying homogeneity) is approximately
Riso ∼ 150 Mpc/h. This result is found to be consistent with the N-body simulations of large scale structures
formation.
An independent investigation [49], based on an information entropy approach, shows that Riso is about
200 Mpc/h. The analysis is carried out on photometric data of 784329 galaxies (up to redshift z ∼ 0.2143)
and spectroscopic data of 180181 galaxies (up to redshift z ∼ 0.1341), always from the SDSS. This study
also shows that, at small scales, the galaxy distribution is highly anisotropic, in agreement with N-body
simulations.
Scale of Homogeneity
The study reported in [29] uses a sample of galaxies, taken from the BOSS (Baryon Oscillation Spectroscopic
Survey) CMASS survey, at redshift 0.43 < z < 0.7. It shows that the scale above which the universe becomes
homogeneous is about R ∼ 64.3 Mpc/h. This is a result confirmed also by the analysis carried out in [24]:
using the Luminous Red Galaxy (LRG) spectroscopic sample of the SDSS, considering the redshift interval
0.2 < z < 0.35, the homogeneity scale is found to be about 70 Mpc/h. Similar conclusions are also found in
[25]. Other investigations give a somehow larger transition scale R of about 200− 300 Mpc/h [26, 27, 28].
These results about the scale at which inhomogeneities become relevant in cosmology, put a constraint
on the form of the function E(r), which in our model describes inhomogeneities. In particular, E(r) should
be negligibly small at small redshift when the size of the universe is much larger than the transition scale R.
This tells us that E(r) can be consistently put to zero when describing, for example, the Hubble diagram of
high-redshift Type Ia Supernovae.
4 The equation of state
A crucial issue of our cosmological model is the determination of the EoS that the anisotropic fluid must
satisfy in the different regimes we are considering in this paper. The equation of state is not only important
to determine the background solution, but also to describe density perturbations around the background
solution. In our approach, the anisotropic fluid is meant to give an effective description of dark energy,
baryonic matter and their interaction. Although we know very well the EoS for the (perfect) fluids describing
pure, non interacting, DE (we are modelling it as a cosmological constant, therefore we have p = −ρ) or
pure, non interacting, stiff baryonic matter, p = 0, presently, we do not have a direct way to derive the EoS
for the anisotropic fluid describing the interacting case.
The best thing we can do is to use what we know about the anisotropic fluid at galactic scales to infer
information about the EoS of the fluid at cosmological level. At galactic scales the interaction between dark
energy and baryonic matter is described by a dark force, which manifests itself through the radial component
of the pressure of the anisotropic fluid [1]
p‖ = p =
1
4pir2
√
mB(r)
GL
, (28)
where mB(r) is the baryonic matter distribution in the galaxy and L ∼ H−10 is the size of the cosmological
horizon.
We will assume that the EoS for our anisotropic fluid is inherited from the expression for the pressure
in Eq. (28) that is responsible for the dark force at galactic scales as explained in Eq. Ref. [1]. It would be
8
nice to use exactly the same expression given by Eq. (28) in the cosmological context of a DE-dominated
universe. However, a simple argument shows that this is not possible and that Eq. (28) has to be slightly
modified. In fact, in this regime we expect the contribution of baryonic matter to be completely negligible.
The mass appearing under the square root has to be therefore considered as a total effective mass mE(r),
which is the sum of the baryonic, mB(r), the DE contribution mΛ(r) and an interaction term mI(r):
mE(r) = mB(r) +mΛ(r) +mI(r). At galactic scales, mΛ and mI can be neglected, we have mE(r) ∼ mB(r)
and we get Eq. (28). Conversely, in the limit r ∼ L, both baryonic matter and its interaction with DE can
be neglected. From ρΛ ∼ 1GL2 we get mΛ ∼ LG , so that equation (28) gives p ∼ −ρΛ, where we have taken
into account that the pressure in Eq. (28) is negative. We will therefore promote Eq. (28) to an effective
equation of state relating the radial pressure of our anisotropic fluid with the effective matter density ρE
generating the effective mass mE :
p‖ =
1√
4pi r2
√∫
d3xρE(r)
GL
. (29)
Notice that in our description the effective matter density ρE is expected to mimic the effects of both dark
and baryonic matter in the ΛCDM model.
Let us now consider the large scale regime of our cosmological model, when the interaction between
DE and baryonic matter cannot be neglected, hence the EoS is expected to deviate from the simple form
p ∼ −ρ. In the large scale limit r →∞, the contribution of inhomogeneities to the density ρ and to pressure
p‖ dies out. Cosmological evolution is therefore described by the FLRW equations (26) with K = 0. On the
other hand, although the universe is dominated by dark energy the interaction of the latter with baryonic
matter cannot be completely neglected. Being mE(r) = 4pia
3
3 ρE(t)r
3 and taking into account that, at large
distances, we have r ∼ L, we get from (28) the equation of state:
p =
1√
12piGL
√
ρ a3/2. (30)
In Sect. 7.4, we will consider inhomogeneities as density perturbations of the dS background, in oder to
describe the short wavelength behaviour of the power spectrum (7). In order to do this we will consider in
Eq. (29) both p and ρE as small perturbations of the (constant) pressure and energy density sourcing the
dS spacetime.
5 Large scale cosmological regime and generalized Chaplygin gas
model
We consider now the large scale regime of our cosmological model. We have seen in the previous section
that in the large scale limit, r → ∞, cosmological evolution is described by the FLRW equations (24) with
an effective EoS for our fluid given by (30).
Using the EoS (30), the cosmological equations (24) give
a˙2 − 2a¨a =
√
2
L
a˙ a7/2, (31)
which can be easily integrated by defining the new variable K = a˙√
a
and the new time τ =
∫
a5/2dt. The
solution of Eq. (31) is then given, in implicit form, in terms of the conformal time t:
t = −
√
2 c51
H0
{
ln
(
1− c1
√
a
1 + c1
√
a
)
+
1
2
ln
(
1− c1
√
a+ c21a
1 + c1
√
a+ c21a
)
+
√
3
[
arctg
(
1− 2c1
√
a√
3
)
− arctg
(
1 + 2c1
√
a√
3
)]}
,
(32)
where c1 is an integration constant.
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Figure 1: Theoretical prediction of our cosmological model for the distance modulus as a function of the
redshift (red line) vs SNIa observational data, taken from Ref. [50]. For the Hubble constant, we adopt the
value H0 = 67.6 km s−1 Mpc−1, obtained combining Planck and BAO data [2].
From the form of the metric (9) one can easily derive the conformal time t in terms of the cosmological
time T and the luminous distance DL
t =
∫
dT
a
, DL =
1
a
∫ T0
T
dT
a
, (33)
where T0 is the present cosmological time. From this latter equation it follows:
DL =
1
a
∫ a=1
a
dT
a
, (34)
where we have normalized to 1 the scale factor at present cosmological time: a(T0) = 1.
DL can be calculated using Eqs. (32) and substituted into the distance modulus
m−M = 25 + 5 log10
(
DL
Mpc
)
, (35)
where m and M are the apparent and absolute magnitude, respectively.
We can now compare the theoretical prediction for the distance modulus of our cosmological model with
EoS (30), as function of the redshift z, with the observational data for the Type Ia Supernovae, taken from
the Supernova Cosmology Project (SCP) Union 2.1 Compilation [50]. The scale factor (32) contains an
integration constant c1, which enters in the relationship between conformal time t and cosmological time T .
It can be fixed by fitting the prediction of our model with the observational data. The fit gives the result
c1 = 0.769.
In Figure 1, we show the comparison between the theoretical prediction of our model for the distance
modulus with the observations of [50], finding a good agreement. Notice that, in Fig. 1, we have only
considered observational data with z . 0.6. This corresponds to the range of validity of our cosmological
model, which is meant to describe our late-time, dark energy-dominated universe.
5.1 Connection with generalized Chaplygin gas model
It is interesting to notice that our cosmological model based on the EoS (30) belongs to the class of models
termed new generalized Chaplygin gas (NGCG) [51, 52]. This does not come as a surprise because these
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models are meant to give a unified description of dark energy and dark matter. This is alike to what we have
achieved by means of our anisotropic fluid cosmology, but with an important difference. In our description
there is no dark matter, but only dark energy, baryonic matter and their interaction, whose effect at galactic
scales and in cosmology should replace that of DM.
The EoS for NGCG has the general form pNGCG = A(a)ρ−ζNGCG. More precisely, it can be written as
pNGCG =
ζA a−3(1+ζ)(1+η)
ρζNGCG
, (36)
where ζ, η are some parameters and A is a positive contant.
Comparing Eq. (36) with our EoS (30), we can determine the parameters ζ, η, A:
ζ = −1/2, η = −2, A = 1
3L
√
3
piG
=
H0
3
√
3
piG
. (37)
6 The stress-energy tensor for anisotropic fluids
In order to discuss cosmological perturbations, we need to rewrite the stress-energy tensor (8) for our
anisotropic fluid as that pertaining to a perfect fluid plus a perturbation
Tµν = T
(pf)
µν + piµν , T
(pf)
µν = (ρ+ P )uµuν + Pgµν , (38)
where piµν is the anisotropic stress tensor, perturbing the stress-energy tensor for the perfect fluid T
(pf)
µν .
In general, the tensor piµν contains also dissipative contributions. We will neglect these contributions because
heat flux vanishes in the comoving frame. Comparing Eq. (8) with Eq. (38) one can easily read out the tensor
piµν
piµν =
√
3S
[
wµwν − 1
3
(uµuν + gµν)
]
, (39)
where S quantifies the degree of anisotropy:
S = p‖ − p⊥√
3
. (40)
Using Eq. (39) together with the equations uµuµ = −1, wµwµ = 1, uµwµ = 0 and going in the comoving
frame, one can easily check that piµν satisfies the usual relations for a gauge-invariant anisotropic stress
tensor: piµνuν = piµµ = 0 and pi00 = pi0i = 0.
In the comoving frame, the only non-vanishing components of piµνuν are the spatial ones piij2. The
spatial components of the stress-energy tensor are then
T 11 = P +
2S√
3
; T 22 = T
3
3 = P −
S√
3
, (41)
giving for the radial and transverse component of the anisotropic fluid pressure:
p‖ = P +
2S√
3
; , p⊥ = P − S√
3
. (42)
When S = 0 we have p‖ = p⊥ = P , the fluid is perfect, homogeneous and isotropic. Conversely, S 6= 0
implies p‖ 6= p⊥, signalizing anisotropic departure from a perfect fluid.
2 Spacetime indexes are denoted with greek letters, space indexes with latin letters: µ = (0, i).
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7 Cosmological perturbations
In Sect. 2, we have seen that one of the main goal of our anisotropic fluid cosmology is to describe structures
at small scales and in particular to derive the matter power spectrum (7). There are two different approaches
for doing that. The first one is phenomenological: one just assumes the validity of our model and then finds
the inhomogeneity function E(r) by fitting observational data about mass density distribution. Obviously,
this approach has very low predictive power.
Alternatively, one can consider E(r) as a small perturbation of a FLRW universe dominated by dark
energy. Using the simplest description for dark energy, that of a cosmological constant, we need to consider
perturbations near the dS cosmological solution generated by an anisotropic fluid. We will first consider
generic perturbations around a given cosmological background g(0)µν given by Eq. (9) (we set γ = 0 and f = 1,
i.e we consider a spatially-flat universe) in the linear regime. We will then specialize our calculations to the
dS background.
We start from the usual form for the perturbed metric
gµν(t, x) = g
(0)
µν (t) + hµν(t, x), (43)
where the background metric depends only on the conformal time t, whereas hµν(t, x) depends both on t
and on the spatial coordinates xi.
After some tedious but straightforward calculation, one gets, for the perturbed components of the Einstein
tensor Gµν at the linear level in hµν
δG00 =− 3a¨
(
h00
a3
+ ah00
)
+ aa˙
(
−2∂ihi0 − 1
2
h˙ikδik − 6Hh00 − 3
2
h˙00
)
+
1
2a2
(
Hδikh˙ik − 3Hh˙00+
+ ∂i∂jhij − δij∂k∂khij
)
;
(44)
δG0i = a¨
(
ah0i −
3h0i
a3
)
+ aa˙
(
5Hh0i + h˙0i + ∂ih00 + δik∂jhjk − δjk∂ihjk
)
+
1
2a2
(
∂k∂ih0k + ∂
kh˙ik − ∂k∂khi0+
− δjk∂ih˙jk − 2Hδki h˙0k
)
;
(45)
δGij =a¨
(
2ah00δij − 3
a3
hij − ahklδklδij
)
+ aa˙
(
1
2
h˙00δij −Hh00δij − 2Hhklδklδij − 2Hhklδikδjl +Hδklhklδij+
− 1
2
h˙klδklδij
)
+
1
2a2
(
−∂ih˙j0 − ∂j h˙i0 + h¨ij + ∂k∂ihjk + ∂k∂jhki − ∂k∂khij − ∂k∂kh00δij + ∂i∂jh00+
− δkl∂i∂jhkl −Hh˙00δij +Hδklh˙klδij − 2Hh˙ij + 2∂kh˙0kδij − δklh¨klδij − ∂k∂lhklδij + δkl∂m∂mhklδij
)
,
(46)
where H = a˙/a is, as usual, the Hubble parameter.
7.1 Gauge choice
It is well-known that, for cosmological perturbations, the split (43) into background and perturbation depends
on the choice of coordinates, i.e. on the gauge choice. Metric perturbations are classified in scalar, vector
and tensor perturbations, according to their transformation properties under the SO(3) rotation group. In
the linear theory, these perturbations are decoupled and evolve independently one from the other. There are
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4 scalar, 4 vector and 2 tensor independent perturbations. At linear level, tensor perturbations do not couple
to matter, whereas vector perturbations decay very fast in an expanding background. Of the remaining 4
scalar perturbations, 2 are gauge modes, leaving only 2 physical scalar perturbation modes.
We have two possible choices: either we fix the gauge in order to eliminate the 2 gauge modes, or we can
choose to work with manifest gauge invariant quantities, like e.g. the Bardeen potentials. In this paper, we
choose the first approach and use the Newtonian conformal gauge:
ds2 = a2
[− (1 + 2φ) dη2 + (1 + 2ψ) δijdxidxj] . (47)
In this gauge, using Eqs. (44), (45) and Eqs. (46), Einstein’s field equations give:
3H
(
Hφ− ψ˙
)
+∇2ψ = 4piGa2δT 00 ; (48a)
∂i
(
ψ˙ −Hφ
)
= 4piGa2δT 0i ; (48b)[(
H2 + 2H˙
)
φ+Hφ˙− ψ¨ − 2Hψ˙
]
δij +
1
2
[∇2 (ψ + φ) δij − ∂i∂j (ψ + φ)] = 4piGa2δT ij . (48c)
The last equation yields two sets of equations, one for i 6= j and one for the trace.
7.2 Perturbations of the stress-energy tensor
We are assuming that our cosmological background is sourced by a perfect fluid of density ρ and pressure P .
We can therefore treat the anisotropic stress piµν as a perturbation of the stress-energy tensor. Consistently,
we will also treat S = 3−1/2 (p‖ − p⊥) as a small perturbation, i.e. we will take |(p‖ − p⊥)/P |  1 and
consider only terms of order 1 in the perturbative expansion.
The background components for the stress-energy tensor are those pertaining to a perfect fluid: T 00 =
−ρ, T 0i = T i0 = 0, T ij = Pδij . For the perturbations we have instead
δT 00 = −δρ, δT 0i = −δT i0 = vi (ρ+ P ) , δT ij = δPδij + piij , (49)
where vi = aδui parametrize fluid velocity perturbations.
Substituting the previous equations into Eqs. (48), after some manipulation, we get:
3H
(
Hφ− ψ˙
)
+∇2ψ = −4piGa2δρ, (50a)
∂i
(
ψ˙ −Hφ
)
= 4piGa2 (ρ+ P ) vi, (50b)
∂i∂j (ψ + φ) = −8piGa2piij , (50c)(
H2 + 2H˙
)
φ+Hφ˙− ψ¨ − 2Hψ˙ + 1
3
∇2 (ψ + φ) = 4piGa2δP. (50d)
The covariant conservation equation for the stress-energy tensor ∇µδTµν = 0 gives two more equations:
δ˙ρ+ 3H (δρ+ δP ) + (ρ+ P )
(
∂iv
i + 3ψ˙
)
= 0; (51a)
(ρ+ P ) (4Hvi + v˙i + ∂iφ) + vi
(
ρ˙+ P˙
)
+ ∂iδP + ∂jpi
j
i = 0. (51b)
7.3 dS background: isotropic perturbations
Let us now consider cosmological perturbations of the dS background solution, i.e. a background whose EoS
is P = −ρ. We first consider the case of isotropic perturbations, i.e. we set the anisotropic stress-tensor
piij = 0 ( equivalently S = 0).
13
Using polar coordinates for the 3D spatial sections of the 4D metric and passing to the corresponding
Fourier space, labeled by wavevector modulus k, Eqs. (50) and (51) give
3H
(
Hφk − ψ˙k
)
− k2ψk = −4piGa2δρk; (52a)
iki
(
ψ˙k −Hφk
)
= 0; (52b)
− kikj (ψk + φk) = 0; (52c)(
H2 + 2H˙
)
φk +Hφ˙k − ψ¨k − 2Hψ˙k − 1
3
k2 (ψk + φk) = 4piGa
2δPk; (52d)
δ˙ρk + 3H (δρk + δPk) = 0; (52e)
ikiδPk = 0, (52f)
where quantities with lower index k, φk = φk(k, t), ψk = ψk(k, t), δρk = δρk(k, t), δPk = δPk(k, t) represent
the 3D Fourier transform of the corresponding quantities. Because Fourier modes evolve independently, in
the following, for sake of simplicity, we will drop the lower index k in the Fourier transforms.
The previous equations can be easily solved. From Eqs. (52f) and (52c) we get δP = 0, ψ = −φ, whereas
Eqs. (52b), (52a) and (52e) give φ(k, t) = C1(k)a−1. Finally, Eq. (52e) allows us to determine δρ
δρ = F(k)a−3, φ = B(k)a−1 = −ψ = −4piG
k2
F(k)a−1, (53)
where F(k) and B(k) are arbitrary functions of k, with:
|F(k)| = k
2 |B(k)|
4piG
. (54)
This is the well-known relation between the matter density and gravitational potential power spectra:
〈|F(k)|2〉 ∝ k4〈|B(k)|2〉. (55)
Our solution depends on an arbitrary function F(k) of the Fourier wave vector k, therefore it does not
determine neither the matter density nor the gravitational potential power spectrum, but only the relation
between them. This result does not come unexpected. In fact Eq. (52f) implies that isotropic perturbations
behave as incoherent, stiff, matter: δP = 0. The dynamics of the perturbations fixes therefore the EoS,
preventing the possibility to impose it from outside. This means that, in the framework we are considering
(large-scale regime of a dark energy-dominated universe), the mass distribution at long wavelengths, i.e. the
power spectrum (1), cannot be determined by the dynamics of perturbations. The determination of the
power spectrum (1) seems to be only possible in the usual cosmological framework based on inflation, in
which the scale-invariant spectrum is explained in terms of the growing of small perturbations generated
in the early universe. Physically, this expresses the fact that the large-scale distribution of matter cannot
be determined by the interaction between dark energy and baryonic matter, the latter being relevant for
the distribution at small scales only. Thus, in our approach the observed long-wavelength power spectrum
(1) has to be used to determine the arbitrary function F(k). Assuming the validity of Eq. (1), we get
〈|B(k)|2〉 ∼ k−3.
7.4 dS background: anisotropic perturbations
Let us now pass to consider anisotropic perturbations of the dS background, i.e. the case piij 6= 0. Taking
into account the considerations of sections 6 and 7.2, this boils down to consider perturbations generated
by an anisotropic fluid with p‖ 6= p⊥. We are now dealing with the small-scale regime of our cosmological
model, for which we expect the spatial distribution of inhomogeneities to be determined by the dynamics of
perturbations. Thus, the distribution of small-scale structures in our universe is determined by our effective
anisotropic fluid, which encodes the interaction between dark energy and baryonic matter.
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Eqs. (50) and (51) now give:
3H
(
Hφ− ψ˙
)
+∇2ψ = −4piGa2δρ; (56a)
∂i
(
ψ˙ −Hφ
)
= 0; (56b)
∂i∂j (ψ + φ) = −8piGa2piij ; (56c)(
H2 + 2H˙
)
φ+Hφ˙− ψ¨ − 2Hψ˙ + 1
3
∇2 (ψ + φ) = 4piGa2δP ; (56d)
δ˙ρ+ 3H (δρ+ δP ) = 0; (56e)
∂iδP + ∂jpi
j
i = 0. (56f)
We consider anisotropic perturbations that can be derived by a scalar potential Π. Being piij traceless, we
can write:
piij ≡ ∂i∂jΠ− 1
3
δij∇2Π. (57)
This allows us to simplify drastically our system of equations. Passing to Fourier space and dropping the
lower index in the Fourier transforms in order to simplify the notation, from Eqs. (56a), (56b), (56c) and
(56f) we get:
φ+ ψ = −8piGa2Π, k2ψ = 4piGa2δρ, δP = 2
3
k2Π. (58)
The last equation above is fully consistent with the fact that the anisotropy in the perturbation is linked
directly to δP 6= 0, as we have seen in Sect. 7.2.
The only other independent equation in the system is the conservation equation (56e), which can be
written as:
δ˙ρ+ 3H(δρ+ δP ) = 0. (59)
The other equations become identities after using Eqs. (56f) and (59). We are therefore left with a system
of 4 equations in 5 unknowns. As expected, we need an equation of state for the perturbations in order to
close the system. As discussed in Sect. 4, this information is encoded in Eq. (29), which is inherited from
the galactic dynamics.
Since we are considering small perturbations of the dS spacetime due to an anisotropic fluid, the pressure
perturbation δP in Eq. (59) can be identified with the dark force (29), i.e. δP = p‖. This identification
is evident from Eq. (42), which allows to write p‖ as a background pressure plus the anisotropic stress
contribution. Furthermore, in Eq. (29), the effective matter density ρE is the source of the dark force. We
can therefore set δρ = ρE in Eq. (59). Eq. (29) determines only the spatial profile of δP once δρ is known,
whereas it is insensitive to their dependence on the conformal time. This is consistent with the fact that
Eq. (29) is originated in galactic dynamics.
In order to solve the system, we therefore need a factorization of δP and δρ in space- and time-profiles
and we also need an EoS consistent with this factorization:
δP = wδρ, δρ(r, t) = δρˆ(t)δρ(r), δP (r, t) = δPˆ (t)δP (r), (60)
with w constant. Notice that we are using a perfect fluid equation of state for the perturbation. Since
Eq. (29) is written in terms of the radial coordinate r, we will also solve Eq. (59) in coordinate space.
Differentiating (29) with respect to r and using Eq. (60), we get:
δ ˙ˆρ+ 3H(1 + w)δρˆ = 0, d
dr
[
r2δρ
]
=
H0
16piGw2
. (61)
It is quite interesting to notice that our ansatz (60) allows to perform, at least at perturbative level, the same
decoupling of cosmological degrees of freedom from inhomegenities we have described in Sect. 3.2 in our
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anisotropic fluid cosmology. The EoS, δP = wδρ, determines, through the first equation in (61), the time-
dependence of the homogenous part of the matter density, whereas Eq. (29) determines the inhomogeneity
profile trough the second equation in (61).
The general solution of the second equation in (61) contains a term proportional to 1/r and a term β/r2,
with β integration constant. Eq. (29) requires β = 0 so that the solution of (61) is:
δρˆ(t) ∼ a−3(1+w), δρ(r) = H0
16piGw2
1
r
. (62)
The cosmological evolution of the homogeneous part of the perturbation is that pertaining to a perfect fluid,
whereas the profile for inhomogeneities is given by an harmonic function in 3D.
The Fourier transform of the spatial profile of ρ gives δρk ∼ H016piGw2 1k2 and the power spectrum is:
P (k) = 〈δρ2k〉 =
∫
d3k δρ2k∫
d3k
∼
(
H0
16piGw2
)2
1
k4
. (63)
This is the result of our cosmological model for the power spectrum of mass distribution at short wavelengths.
It gives a theoretical determination of the transfer function T (k) in Eq. (2).
Since our model deals with the late-time cosmology, describing the phenomenology of dark energy, baryonic
matter and their interaction, it does not come as a surprise we are only able to reproduce the power spectrum
(7), predicted by the galaxy two-point correlation function. On the other hand it fails to reproduce the power
spectrum at the equivalence epoch Eq. (4), which depends on the physics governing matter radiation at the
equivalence epoch.
8 Conclusions
In this paper we have proposed an anisotropic fluid cosmological model for describing our present, dark
energy-dominated, universe. The model does not assume the presence of dark matter. Dark energy, baryonic
matter and their possible effective interaction are codified in a peculiar EoS for the anisotropic fluid. This
EoS is inherited from that used to explain galactic dynamics without assuming the presence of dark matter
[1].
We have shown that the model has several nice features. The anisotropy in the fluid pressure allows
to generate inhomogeneities at small scales in a natural way. It can be therefore used to explain mass
distribution, i.e the matter density power spectrum, at short wavelengths. Cosmological dynamics, i.e. time
evolution for the scale factor and for the homogeneous component of matter density, completely decouples
from inhomogeneities. The former is ruled by usual FLRW cosmology, whereas the latter are determined by
the relation between pressure and density of the anisotropic fluid.
We have also found that the predictions of our model concerning the accelerated expansion of the universe
and mass distribution at small scales are in accordance with observations. In the large distances regime, our
model is well-described by a generalized Chaplygin gas and fits observational data from type IA supernovae,
used to probe the present accelerated expansion of our universe. In the short distance regime, we have
used perturbation theory near the dS background to describe mass distribution. Perturbations due to the
anisotropic fluid are described by an anisotropic stress tensor. We find a power spectrum P (k) for mass
density distribution at short wavelengths behaving as 1/k4, in good accordance with the observed 2-point
galaxy correlation function for matter distribution at small scales.
Let us conclude with the drawbacks of our approach. In the present form, our anisotropic fluid cos-
mological model can be only used to describe a dark energy-dominated universe, but not to describe the
early-time cosmology and the radiation/baryonic matter dominated eras. This is because any mass distribu-
tion is intrinsically unstable in FLRW cosmology. Therefore, any inhomogeneous, FLRW-based cosmological
model can only be used to describe late-time cosmology and cosmic structures at small scales, but not the
evolution of perturbations from early-time cosmology. Thus, large scale structures can only be explained
in the framework of usual FLRW cosmology, in terms of the growing of small perturbations of the early
universe described by linear perturbation theory.
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This is fully consistent with the results of our paper. We have seen in Sect. 7.3 that the behaviour
of the power spectrum P (k) for the mass density distribution, at large wavelengths, is not determined by
perturbations in the present dark energy-dominated universe. The observed linear scaling P (k) ∼ k has to
be explained in terms of small fluctuations in the early universe. Conversely, small scale structures find a
natural explanation in our model as inhomogeneities triggered by an anisotropic stress tensor. This is in
turn consistent with the fact that the presence of dark matter is crucial for structure formation in the ΛCDM
model. As expected, in our cosmological model the anisotropic stress tensor, generated by the assumed dark
energy/baryonic matter interaction, plays the same role that dark matter plays in the ΛCDM model for
small scale structure formations.
It is an open question whether some alternative description of anisotropic fluid cosmology, not based
on the inhomogeneous metric (3.1), could exist. In this paper we have generated a non-trivial anisotropic
fluid by allowing for a dependence of p⊥, p‖ and ρ from the radial coordinate r (see the discussion around
Eq. (3.1)). This has the advantage of linking directly the anisotropies in the stress tensor to inhomogeneities,
but prevents the use of the model for early cosmology. It is possible that relaxing this condition could make
anisotropic fluid cosmology suitable also for describing early-time cosmology. The results of Refs. [53, 54]
where anisotropic fluid cosmology have been used to describe inflation, seem to support this point of view.
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